Abstract. We discuss the numerical treatment of a nonlinear second order boundary value problem in ordinary differential equations posed on an unbounded domain which represents the density profile equation for the description of the formation of microscopical bubbles in a non-homogeneous fluid. For an efficient numerical solution the problem is transformed to a finite interval and polynomial collocation is applied to the resulting boundary value problem with essential singularity. We demonstrate that this problem is wellposed and the involved collocation methods show their classical convergence order. Moreover, we investigate what problem statement yields favorable conditioning of the associated collocation equations. Thus, collocation methods provide a sound basis for the implementation of a standard code equipped with an a posteriori error estimate and an adaptive mesh selection procedure. We present a code based on these algorithmic components that we are currently developing especially for the numerical solution of singular boundary value problems of arbitrary, mixed order, which also admits to solve problems in an implicit formulation. Finally, we compare our approach to a solution method proposed in the literature and conclude that collocation is an easy to use, reliable and highly accurate way to solve problems of the present type.
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Introduction.
The singular boundary value problem we discuss here originates from the Cahn-Hillard theory, which is used in hydrodynamics to study the behavior of non-homogeneous fluids. In [6] , the density profile equation for the description of the formation of microscopical bubbles in a non-homogeneous fluid (in particular, vapor inside one liquid) is derived. In the form of the equation derived in [15] , a nonlinear boundary value problem for a scalar second order ordinary differential equation for the density ρ of the medium results. In dimensionless parameters this reads ρ (r) + N − 1 r ρ (r) = 4λ 2 (ρ(r) + 1)ρ(r)(ρ(r) − ξ),
ρ (0) = 0, ρ(∞) = ξ.
Here, λ is a parameter which may be chosen as λ = 1 without restriction of generality. N denotes the dimension of the problem, which in the physically meaningful case is N = 3. Finally, 0 < ξ < 1 is varied such as to reflect different physical situations.
We are interested in computing a monotonously increasing solution for 0 < r < ∞, the so called "bubble-type solution". When such a solution exists it has exactly one zero R in that interval, where R is interpreted as the bubble radius. Furthermore, it can be shown that −1 < ρ(0) < 0 and −1 < ρ(r) < ξ, r > 0. Concerning the derivative of the solution, it attains a maximum at a certainr, such thatr < R, and it tends to 0 at infinity. Finally, it turns out that the solution features an interior layer, which becomes sharper for ξ → 1. All these properties have been discussed in [15] (see also [14] ).
It is worth to remark that the existence of a stictly increasing solution to the problem (1), (2) is far from being a simple question. In [15] , it was shown (using a variational approach developed in another paper), that such a solution can exist only if ξ satisfies 0 < ξ < 1. Furthermore, based on the results of [7] , it is possible to show that this restriction on ξ is also a sufficient condition for the existence of such a solution. These results agree with the experimental evidence and the numerical simulations, reported, for example, in [6] .
In §2 of this paper, we show that a transformation of (1), (2) to a problem posed on the interval [0,1] yields a well-posed boundary value problem with an essential singularity. In §3 we demonstrate that polynomial collocation can be used effectively and its classical convergence orders can be observed. Moreover, we discuss a problem formulation which yields the optimal conditioning of the associated algebraic collocation equations. Finally, we introduce a Matlab collocation code which is currently being developed for singular boundary value problems, and show that its application to (1), (2) yields a reliable and accurate solution method. In §4 we compare our approach to a solution method proposed in [15] . It turns out that collocation constitutes a more favorable solution method for problems of the present type.
2. Transformation to a finite interval. Here, we propose to solve (1) via transformation to a singular boundary value problem on a finite interval. To this end, two different approaches can be adopted: Transformation to a first order ODE via the Euler transformation, and subsequent transformation to the interval [0, 1], or transformation of the second order problem to [0, 1] and its direct treatment in the second order formulation. In both cases, we approximate the solution numerically using a collocation solver which is currently being developed for higher order ODEs, cf. [10] .
2.1. First order problem. We apply the Euler transformation
T in order to transform (1) to a first order system. Subsequently, we split the interval (0, ∞) = (0, 1]∪[1, ∞), and transform the second subinterval to (0, 1]. Consequently, we obtain the following singular boundary value problem for the unknown vector
where
.
The boundary conditions in the new variables read
The same transformation is carried out in detail for other boundary value problems on semi-infinite intervals in [5] . In order to discuss the well-posedness of (3), (4) within the framework of singular boundary value problems developed in [8] and [9], we linearize the problem at the exact solution (using structural properties derived in [15] ). This results in
The same boundary conditions as (4) are now posed for y, but with the second one replaced by the homogeneous relation y 3 (0) = 0. From the boundary conditions for z it follows that
Consequently, y 2 (0) = y 3 (0) = 0 are necessary and sufficient conditions for a continuous solution of (5) 
Together with the original equation (1) (z 1 = ρ) and the boundary conditions
we now need to solve a boundary value problem for a second order ODE with an essential singularity.
To check the well-posedness of this problem is not easy, since so far no theory for second-order singular problems exists. The discussion in [11] shows that this analysis is far from being trivial. However, our successful numerical computations strongly indicate that the second-order problem is also well-posed and can be treated using our techniques. In fact, this problem statement may even display certain advantages when compared to the first order formulation, see §3.
3. Numerical treatment. Here, we discuss the properties of polynomial collocation when applied to problems (3), (4), and (1), (6), (7), respectively. Collocation is a widely used and well-studied standard solution method for two-point boundary value problems, see for example [1] and the references therein. Many of the properties of collocation methods observed for the present problem hold also in other situations where problems on a semi-infinite interval are solved in the formulation as an essentially singular problem on a finite interval. The general principles should therefore be useful in a broad context and the Matlab collocation code we introduce here can be successfully applied to a variety of problems, see for example [5] , [10] , and [12] .
The numerical approximation defined by collocation is computed as follows: On a mesh ∆ :
we approximate the analytical solution by a piecewise defined collocating function
where we require p ∈ C q−1 [0, 1] if the order of the underlying differential equation is q. Here p i are polynomials of maximal degree m−1+q which satisfy the differential equation at the collocation points
and the associated boundary conditions are also prescribed for p. Classical theory, cf. [1] , predicts that the convergence order is at least O(h m ), where h := max i |τ i+1 − τ i |. The same could be shown in [2] and [13] for first order problems with a singularity of the first kind. For problems with an essential singularity, extensive numerical evidence and partial theoretical support indicate that the methods retain their convergence order if the collocation points are symmetric, see [4] . This behavior is also observed for the present problem, see §3.1.
To make the computations more efficient, we additionally use an adaptive mesh selection strategy based on an a posteriori estimate for the global error of the collocation solution. We use a classical error estimate based on mesh halving. In this approach, we compute the collocation solution p ∆ (s) on a mesh ∆. Subsequently, we choose a second mesh ∆ 2 where in every interval [τ i , τ i+1 ] of ∆ we insert two subintervals of equal length. On this new mesh, we compute the numerical solution based on the same collocation scheme to obtain the collocating function p ∆2 (s). Using these two quantities, we define
as an error estimate for the approximation p ∆ (s). Assume that the global error δ(s) := p ∆ (s) − z(s) of the collocation solution can be expressed in terms of the principal error function e(s),
where e(s) is independent of ∆. Then obviously the quantity E(s) satisfies E(s) − δ(s) = O(h m+1 ) and the error estimate is asymptotically correct. The experimental investigations in §3.1 below indicate that the assumption (8) is justified for the present problem.
Our mesh adaptation is based on the equidistribution of the global error of the numerical solution. Thus, we define a monitor function Θ(s) :
. Now, the mesh selection strategy aims at the equidistribution of τi+1 τi Θ(s) ds on the mesh consisting of the pointsτ i to be determined accordingly, where at the same time measures are taken to ensure that the variation of the step sizes is restricted and tolerance requirements are satisfied with small computational effort. Details of the mesh selection algorithm and a proof of the fact that our strategy implies that the global error of the numerical solution is asymptotically equidistributed are given in [3] .
For the solution of the boundary value problems (3), (4), and (1), (6), (7), we use a collocation solver implemented in Matlab and equipped with the error estimate and adaptive mesh selection strategy described above, see [10] . The solver is designed for the solution of singular boundary value problems of arbitrary, mixed order, which may even be stated implicitly. A description of the implementation details and numerous examples demonstrating the favorable performance of the code are given in [10] .
3.1. Convergence and conditioning of collocation. To demonstrate the favorable properties of our collocation solver when applied for the solution of the present problem, we first show that collocation when used on uniform grids retains its classical convergence order and also shows favorable conditioning of the associated algebraic equations. More extensive tests are reported in [11] . For this investigation we restrict ourselves to the choice ξ = 0.5 in the boundary value problem (1), (2) . In Table 1 we give the empirical convergence orders and estimates for the condition numbers in dependence of the stepsize h for the second order problem (1), (6), (7) . The table displays the differences err j for both solution components z j , j = 1, 2, computed on successive meshes with uniform interval lengths h and h/2, respectively, and the empirical convergence orders ord computed from these. Moreover, we give estimates of the condition numbers cond of the linear systems occurring in the Newton process for the solution of the algebraic collocation equations together with their orders. Finally, the values of ρ(0) and of the bubble radius R are recorded for each stepsize. The computations were performed using collocation at three Gaussian points. We observe that the classical (super-)convergence order six is retained. This cannot be expected in general for problems with an essential singularity, see [4] , but the present problem can obviously be solved reliably and with high accuracy. Even for the modest stepsizes in Table 1 the approximation quality -reflected in the values err j and in the number of digits in ρ(0) and R that remain unaltered when the mesh is refined -gets close to the relative machine precision eps ≈ 1.11e−16. However, the conditioning is unfavorable in this setting and the condition number grows as 1/h 6 . Table 1 . Convergence and conditioning for three Gaussian points, explicit formulation (1), (6), (7). To improve the conditioning of the collocation equations, we exploit the fact that our code can deal with an implicit formulation of the differential equations. Therefore, we multiply (1) by r and (6) by s 4 and repeat the computations. The results are given in Table 2 . In this case, the condition numbers grow as 1/h 2 , which according to [1] is optimal for second order ODEs. Thus, we observe a clear dependence of the condition numbers on the order of the singular terms appearing in the equations. In the implicit formulation which is within the scope of the new code, cf. [10] , the results are more favorable. However, the accuracy of the computed results does not seem strongly affected even though condition numbers differ vastly. A possible reason why the large discrepancy in condition numbers does not seem to influence the obtained accuracy is given in [16] . Still, it should be advantageous to use the implicit formulation, since bad starting values for the nonlinear equations in conjunction with bad conditioning could lead to a failure of the nonlinear solver to converge at all because the linear algebra may become unreliable in the presence of large condition numbers.
For reasons of comparison, we give the analogous results for the first order problem (3), (4), where motivated by the experience with the second order problem we again choose an implicit formulation. The convergence orders are given for the components z 1 , z 3 corresponding to ρ. The accuracy in the numerical results given in Table 3 is very similar to that seen in Tables 1 and 2 . However, the asymptotical behavior of the condition numbers is not governed by the optimal 1/h. Now, the condition numbers grow as 1/h 2 . Again, the accuracy of the results is largely unaffected. So we conclude that the first and second order problems admit a numerical solution with the same convergence properties and similar accuracy. However, for the second order formulation it is possible to obtain the optimal growth behavior of the condition numbers of the collocation equations by stating the problem in implicit form, which is not possible for the first order problem. On the other hand, for the formulation (3), (4), we can prove that the analytical problem is well-posed, while for second order problems with an essential singularity the respective theory is not yet developed far enough.
3.2.
Mesh adaptation for sharp layers. The solution of (1), (2) becomes computationally more challenging when the value of the parameter ξ is close to 1 in contrast to the choice ξ = 0.5 which was used in §3.1. Even in this case, our collocation solver proved remarkably robust. By applying a simple continuation strategy to obtain starting profiles for the solution of the collocation equations as ξ → 1, we could easily compute solutions for values ξ ∈ (0, 0.9]. These feature an interior layer around the bubble radius R which becomes sharper with growing ξ. Particularly for the solutions with sharp layers, the computations can be sped up significantly if instead of solving the problem on a fixed grid, adaptive mesh refinement based on our a posteriori estimate of the global error is used. We illustrate this point for the case ξ = 0.8. We solve the problem again using collocation at three Gaussian points, where a relative and absolute tolerance requirement of 1e−8 is prescribed. Based on the favorable convergence properties of the collocation solution, the error estimate can be expected to be asymptotically correct and our mesh selection procedure should achieve asymptotical equidistribution of the global error, see also [3] and [4] . Thus, we can safely trust that the tolerances are reliably satisfied. The final mesh contains 301 points. The stepsizes are plotted as a function of the independent variable (transformed back to the original, unbounded domain) in Figure 2 . We see that indeed the smallest stepsizes occur near the interior layer at R ≈ 7. Note that the stepsizes close to 0 appear small because of the transformation s → 1/s used to create the plot in Figure 2 . In the actual grid resulting for (1), (6), (7), the stepsizes are quite uniform near the singularity.
To conclude this section, we give the values of ρ(0), R and the integral J defined by (see [15, Eq. (48)])
for different values of ξ. Again, collocation at three Gaussian points was used and absolute and relative tolerances 1e−8 have been satisfied. Only in the case ξ = 0.9 we used five Gaussian points to achieve the desired accuracy with acceptable computational effort. To compute the value of J, we transform J to the interval avoid the evaluation at 0 and use the adaptive quadrature routine quadl which is part of Matlab 7.0 (R14). The tolerance for the quadrature is set to 1e−10, so that we can expect an overall accuracy of about 8 digits for the values of ρ(0), R and J. This is also supported by comparing the results with the computations on uniform meshes, even the first ten digits are the same as those for the most precise results given in Table 2 . Table 4 . Values of ρ(0), the bubble radius R and the integral J, computed to accuracy 1e−8 for ξ = 0.1, . . . , 0.9. 4. Comparisons. In this section, we describe an alternative approach for the numerical solution of (1), (2) proposed in [15] . A comparison of the results with the collocation methods described in §3 indicates collocation can be applied to the problem more straightforwardly, and with better control of the accuracy of the solution.
The approach developed in [15] is based on a stable shooting method, which uses the asymptotic properties of the solution near the singularities to solve the boundary value problem. More precisely, it is shown in [15] that equation (1) possesses a one-parameter set of solutions which satisfy the condition ρ (0) = 0 and that each solution in this set may be expanded in a series of the form
where ρ 0 is the parameter of the set, ρ 2k are coefficients which are independent of r and can be computed recursively. Moreover, this method uses the fact that there is another one-parameter set of solutions of equation (1) which satisfy the boundary condition ρ(∞) = ξ and each solution in this set may be expanded in a series of the form
where τ = 2λ ξ(ξ + 1) and b < 0 is the parameter of the set. C k are functions of r which may be determined by substituting (13) into equation (1) and solving the resulting Cauchy problems. In particular, in the case N = 3, it may be shown that C 1 (r) ≡ 1 and this was the only term of the series (13) which was used to obtain the numerical results in [15] . Since the considered boundary value problem has singularities at both endpoints and the singularity at infinity is a saddle point, it is not possible to solve the problem numerically just by shooting from one of the endpoints. Therefore, according to the method presented in [15] the interval [δ, r ∞ ] (where the numerical solution of the problem is sought) is divided into two subintervals [δ, r 0 ] and [r 0 , r ∞ ] and one auxiliary boundary value problem is solved on each sub-interval. These auxiliary problems can be solved by standard shooting methods, making use of the series (12) and (13) to approximate the solution at δ and r ∞ , respectively. Moreover the solution of each auxiliary problem must satisfy matching conditions at r 0 which assure that the global solution and its derivative are continuous on the whole interval [δ, r ∞ ]. This algorithm was encoded in Mathematica and the command NDSolve of this software was used to solve all the involved initial value problems.
The results obtained by this computational method are displayed in Table 5 . These results were obtained using the absolute tolerance = 10 −14 when applying the shooting method to each auxiliary boundary value problem. The values of δ and r ∞ were chosen in the range [10 −5 , 10 −3 ] and [7, 11] , respectively, depending on ξ. The value of δ seems not to affect the accuracy of the method substantially, at least if it is within the mentioned range. Concerning the value of r ∞ , for each value of ξ, there is an optimal value of this parameter which provides the maximal accuracy. This optimal value (given in the last column of the table) had to be found experimentally: r ∞ was increased until the best possible correspondence with the results in Table 4 was achieved.
We observe that the values for ρ(0) and R in Table 5 correspond to the results given in Table 4 up to about seven or eight digits in general (we will discuss the less accurate results for ξ = 0.1, 0.2 below). Since these last results are expected to be at least eight digits accurate, we conclude that the precision achieved by collocation seems slightly more satisfactory at this moment.
Thus, for ρ(0) and R it is possible to achieve acceptable accuracy, while the results for J clearly favor the methods from §3. It should be stressed that there is no way to control the error reliably using the algorithm described in this section, in contrast to the collocation code. Rather, parameters were manually adjusted until good correspondence with the reliable results from Table 4 was observed. In the presence of the sharp layer for ξ = 0.9, the algorithm described in this section failed to produce any useful results at all. This algorithm is not applicable either for values of ξ less than 0.3. The values given in Table 5 for ξ = 0.1 and ξ = 0.2 were obtained using a modification of this algorithm, described in [15] . The accuracy of these results appears to be only about four digits in general.
Finally, the computational effort necessary when using the algorithm from [15] is considerable. Even though it is not possible to assess details of the performance because blackbox solvers from Mathematica were used to integrate the initial value problems occurring in the course of the shooting procedure described above, we can provide an impression of the required computational effort by noting that to compute the results for ξ = 0.5 with δ = 10 −5 , r ∞ = 9 it was necessary to solve 573 Cauchy problems on [δ, 1] and 481 Cauchy problems on [1, r ∞ ]. This complexity definitely exceeds the one necessary for the collocation approach discussed in §3.
5.
Conclusions. In this paper, we have presented a Matlab collocation code which is currently being developed for implicit, mixed order singular boundary value problems in ordinary differential equations. As a first example to show the advantageous properties of the solver, the density profile equation from hydrodynamics was solved. After demonstrating how the problem can be expressed as a well-posed singular boundary value problem on a finite interval, we showed that the implemented collocation methods retain their classical convergence orders. Also, optimal conditioning of the collocation equations can be achieved by posing the differential equations in an implicit form. We also showed that using an a posteriori error estimate and adaptive mesh selection yields reliable error control and meshes that are denser where the solution varies strongly. Finally, comparisons with a solution method previously presented in the literature support the proposition that our collocation code is comparably straightforward to use and represents an improvement in reliability and accuracy. These favorable properties can be expected to prevail for a large class of singular boundary value problems, see for instance [5] , [10] , and [12] .
